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Context
Physical phenomena

1D heat diffusion equation:

c(T , x , t )
∂T
∂t

=
∂

∂x

(
λ(T , x , t )

∂T
∂x

)
, x ∈

[
0 , L
]
, t > 0 , (1)

with
• c
[
J .m−3 .K−1

]
the volumetric heat capacity

• λ
[
W .m−1 .K−1

]
the thermal conductivity

Robin-type boundary conditions:

λ(T , x , t )
∂T
∂x

= h L(T , t )
(
T − T L( t )

)
− q L(T , t ) , x = 0 , t > 0 ,

−λ(T , x , t )
∂T
∂x

= h R (T , t )
(
T − T R ( t )

)
− q R (T , t ) , x = L , t > 0

Initial condition:
T ( x , t ) = T 0( x ) , x ∈

[
0 , L
]
, t = 0 ,
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Context
Inverse Problem: numerical challenges
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complete original models

reduced order models

frequentist estimation

Bayesian estimation

Model

Observations

Unknown 

parameters

Estimated 

parameters

Cost function

Experimental design

J ( p ) =
∣∣∣∣T ( x , t , p ) − T̂ ( t )

∣∣∣∣
2

 high number of direct problem computations T ( x , t , p )

 require sensitivity function ∇ pT

o CPU time. 2 options:
• Lumped physical Model
• Reduced Order Model
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Context
Reduced Order model (ROM)

• degree of freedom Dof = N � N x · N t

• the fidelity of the physical model is not degraded
• reduced computational cost
• no loss of accuracy

Two approaches:
• a posteriori: requires a known solution

(or experimental data)
• a priori: no requirement

Basic idea: Decomposition of the solution

T ( x , t , p ) ≈
N∑

n = 1

ϕ n( x ) a n( t )

Methods: MIM, POD, PGD, Spectral ROM, etc.
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State-of-the-art: inverse problem + ROM
• [1] MIM + Frequentist
• [2] MIM (T & sensibility) + Frequentist
• [3, 4] PGD + Bayesian
• ...

ROM parametric solutions:

Solution depends explicitly on extra-parameters of the problem T ( x , t , p )
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Inverse Problem + ROM
Problematic
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Inverse problem J ( p ) =
∣∣∣∣T ( x , t , p ) − T̂ ( t )

∣∣∣∣
2

 high number of direct problem computations T ( x , t , p )

 require sensitivity function ∇ pT

+

ROM parametric solutions T ( x , t , p )

=

How to use parametric solutions in the framework of inverse problems?

thermal

experim.

design Bayesian

Parametric

ROM

Inverse

Problem

or Frequentist
Spectral
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Frequentist estimation
methodology
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Gauss algorithm framework [? ? ]:

p(k+1) = p(k) + ( X>X )−1
(

X>
(

T̂ − T ( p(k) )
))

,

Spectral parametric solution [5]

T ( x , t , p ) =
N∑

n = 1

M∑
m = 1

T n( x ) a n m( t ) Pm( p )

and the sensitivity function:

X ( x , t , p ) =
∂T
∂p̄

=
N∑

n = 1

M∑
m = 1

T n( x ) a n m( t )
dPm

dp
( p )

 Fast computations:
• of T
• and of X = ∇ p T
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Frequentist estimation
methodology

Modified Gauss algorithm using Spectral parametric solution:
off-line phase

1 build the Spectral parametric solution for Eq. (1)

2 save the spectral coefficients
{
a i j
}

on-line phase
1 Set p(0)

2 While J (k) > Tol

a Evaluate T (p(k)) and X(p(k)) ≡ compose the solution
b Compute p(k+1)

c Compute J ( p(k+1) )
d increment k ← k + 1
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T ( x , t , p ) =
∑∑

T n( x ) a n m( t ) Pm( p )

X ( x , t , p ) =
∑∑

T n( x ) a n m( t ) dPm
dp ( p )
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Frequentist estimation
Case study
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inverse crime
• N s = 10 4 samples
• 0.5 ◦C noise
• α r = 0.55 mm 2 . s−1
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Frequentist estimation
off-line computation

9 / 28

Spectral parametric solution

T ( x , t , p ) =
N∑

n = 1

M∑
m = 1

T n( x ) a n m( t ) Tm(α )

X ( x , t , p ) =
∂T
∂p̄

=
N∑

n = 1

M∑
m = 1

T n( x ) a n m( t )
dTm

dp
(α )

• N > 18 for convergence (initial condition)
• M = 20 at least for sensitivity
• α ∈ [0.1, 5.5] mm 2 . s−1
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Frequentist estimation
results
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Bayesian estimation [6]
framework

Baye’s theorem:

π
(

p
∣∣ T̂ ) =

π
(

p
)
· π
(
T̂
∣∣ p
)

π
(
T̂
)

• π
(

p
)
is the prior probability density of the parameters p ,

• π
(
T̂
∣∣ p
)
is the likelihood function,

• π
(
T̂
)
is the marginal probability density of measurements

Assuming that measurement errors are Gaussian random variables, we have:

π
(
T̂
∣∣ p
)
∝ exp

(
−

1
σ̂ 2

∣∣∣∣T ( x , t , p ) − T̂ ( t )
∣∣∣∣

2

)
Prior probability density is assumed as a Gaussian distribution:

π
(

p
)

= N
(

µ , σ
)
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Bayesian estimation
methodology

Then, the posterior distribution is given by:

− ln
(
π
(

p
∣∣ T̂ )) ∝ 1

σ̂ 2

∣∣∣∣T ( x , t , p ) − T̂ ( t )
∣∣∣∣

2
+
∑

k

( p k − µ k
σ pk

) 2

⇔ objective function = likelihood + prior distributions

 explored with Markov Chain Monte Carlo methods

o CPU time, states ∼ 10 6 , 10 7 , 10 8

 Spectral parametric solution [5]

T ( x , t , p ) =
N∑

n = 1

M∑
m = 1

T n( x ) a n m( t ) Pm( p )
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global vs local
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Bayesian estimation
methodology

Modified MCMC algorithm using Spectral parametric solution:
off-line phase

1 build the Spectral parametric solution for Eq. (1)

2 save the spectral coefficients
{
a i j
}

on-line phase
1 While k 6 N s

a Sample parameter from proposal distribution
b Evaluate T (p(k)) ≡ compose the solution
c Compute acceptance factor and test with random value
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Bayesian estimation
Case study
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Bayesian estimation
off-line computation
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Spectral parametric solution

T ( x , t , p ) =
N∑

n = 1

M∑
m = 1

T n( x ) a n m( t ) Tm(α )

• N > 18 for convergence (initial condition)
• M = 10 sufficient
• 1 order of CPU time compared to reference

18 20 22 24 26

N

10
-5

10
-4

10
-3

10
-2

ε
∞

M = 5

M = 10

M = 15

M = 20

5 10 15 20 25

M

10
-5

10
-4

10
-3

10
-2

ε
∞

N = 18

N = 20

N = 25

10 20 30 40 50

N p

10
0

10
1

10
2

10
3

C
P
U

ti
m
e
(s
)

Reference
Spectral N=18, M=10



Introduction Frequentist Bayesian Synthesis References

Bayesian estimation
results
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Bayesian estimation
results
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Bayesian estimation
residual
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Bayesian estimation
CPU time

Thermal Diffusivity
[
mm 2 . s−1

]
Prior Posterior distribution

Spectral parametric model Complete Original Model

Mean 1.11 0.755 0.756

Standard deviation 0.243 1.71 · 10−3 1.68 · 10−3

Computational time

Spectral parametric model Complete Original Model

Off-line 4 min –

Estimation 8 min 4.6 h

19 / 28



Introduction Frequentist Bayesian Synthesis References

Synthesis
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Inverse problem J ( p ) =
∣∣∣∣T ( x , t , p ) − T̂ ( t )

∣∣∣∣
2

 high number of direct problem computations T ( x , t , p )

 require sensitivity function ∇ pT

+

ROM parametric solutions T ( x , t , p )

=

Frequentist approach

off-line

T ( x , t , p ) =
∑∑

T n( x ) a n m( t ) Pm( p )

X ( x , t , p ) =
∑∑

T n( x ) a n m( t ) dPm
dp ( p )

on-line

• solution + cost function gradient
• 2 EDP  2 parametric solutions
• no acceleration of convergence

Bayesian approach

off-line

T ( x , t , p ) =
∑∑

T n( x ) a n m( t ) Pm( p )

on-line

• global solution
• 1 EDP  1 parametric solution
• no acceleration of acceptance rate
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Outlooks
Outlooks
• Extension for multi-dimensional parameter... not easy!
• Extension for function estimation... how?
• Other ROM techniques available:

POD solution [7]:

T ( x , t , p ) =
N∑

n = 1

ϕ n( x ) a n( t , p ) ,

where the time function basis
{
a n( t , p )

} N

n=1
:

• is computed for a set of parameters (offline phase)
• is interpolated on a tangent space of Grassmann manifold

for a new parameter [8] (online phase)
PGD solution[9–15] :

T ( x , t , p ) =
N∑

n = 1

ϕ n( x ) a n( t ) f n( p ) ,

where the solution is computed at once by multiple projection of main Eq.
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Outlooks
Other ROM techniques

MIM solution[1, 16, 17]
• a posteriori technique
• use experimental data to build the ROM
• solution is approximated by:

∂a n

∂t
= p F n n an +

N k∑
k=1

G n k Q k ,

T ( x j , t ) =
N∑

n=1

ϕ j n an ( t ) ,

where
• a n are the internal states, no physical meaning,
• Q k ( t ) are the N k inputs of the system,
• the unknown parameter is extracted from the matrix identification.
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Thank you for your attention
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IC IPE
2 0 2 8

IC IPE
2 0 2 8ICIPE12th INTERNATIONAL CONFERENCE

on Inverse Problems In Engineering

SAVE THE DATE!

IC IPE

11-16 June 2028
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