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Diffusion et ondes dans les milieux a gradient de propriétés 1D.
Construction de profils analytiquement solubles
avec leurs solutions associées.
Applications en CND thermique,
optique des couches minces, et micro-météorologie
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Foreword (1/5): Modeling of transfer phen'om;e

heterogeneous media

An analytical journey from
the world of piece-wise constant properties to the world of continuous properties
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Heat equation for 1D heat diffusion in C(Z) or _ 0 ,1(2) or

a graded medium

Soils

Thermal Barrier
Coating

PROFIDT method

Gear teeth. Carburized case-hardened steel

Skin Graded interface at nanoscale:
Oxygen concentration in thermally &g
grown ultrathin SiO, gate oxide &

L4A xS A

Si substrate [EREE .



Foreword (3/5): Other (diffusion) equations of t

- Stationary, 2D, advection-diffusion equation : Ux (z) oc = 0 (K ( )acj

ox oz
‘ e.g.: pollutant dispersion

in the atmosphere

variable wind speed
variable eddy diffusivity

- Matter diffusion (Fick’s law) with variable diffusion coefficient
- Electric transmission lines (tapered RC lines : R(z), C(z))

- Graetz problem, etc...
OMNERA
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Foreword (4/5):

EM waves (Maxwell’s equations) — d I dE electric field
dz ,u(z) dz
variable permittivity variable permeability
/
| d 1 dP
Acoustic waves —w’ —— P = pressure
p(Z)‘c'(Z) dz p(z‘)’ dz
variable velocity of sound variable mass density
/
i P 2 d du displ t
Elastic longitudinal/shear waves —Q ,O(Z)u - E(Z)— ISplacemen
dz dz
variable mass density variable modulus

Electric transmission lines (tapered LC lines : L(z), C(z)) )

Ocean gravity waves, ...

ONERA
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Foreword (5/5): Motivation and objectives

1- The profile is one of known analytically solvable profiles
(linear, power law, ...)

==m=) eXxact solution
=== |imited flexibility

Graded profile === special functions (CPU time 7)

N

Standard 2- Staircase approximation
approaches  * Analytical Transfer Matrix method (standard quadrupole)
9 m=s) easy to implement
T =) approximate;
z constraint for good
accuracy.
Proposed ) .
method . >

3- Piece-wise solution with :

===) elementary solvable profiles with
===) high flexibility
=) elementary functions (CPU time \)
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Heat equations for temperature

Hypotheses: . 1D transfer . No heat sources
. Linear . Transient or steady periodic
Energy-balance

. aT: 1 0O Z@_T
N A
<(D _ﬂ O_T
_ . 0p i o 1 oOgp
Fogler law < > or _l( )52(0(2) 62}

Q 2" order PDEs with two variable coefficients

N Alz
7 .9
1 1Y
g "a

i & . T .
"

= .

N .
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Laplace or Fourier transform

L o _ L Laplace variable
< Elimination of the time-derivative (complex)

Multiplication by « p » variable p )
Fourier variable @)
F\J (pure imaginary)
1 d do
T): 0=———| Mz)—
< > P c(z)dz( ()dzj

dl 1 dg¢
/I(Z)dz c(z) dz

2" order ODEs with two variable coefficients

ONERA
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Liouville transformation (1897). First step

First step : a change of the independent-variable:
du

zZ—>¢\z)=
é:( ) -[ /a(u) Transformation involving the
0 diffusivity profile: a(z):: /1(2) c(z)
Physical coordinate z ‘ Square-root of diffusion time (SRDT)¢

5

z

a(z) a(f)

(T):  po=b"(b0)

(0):  ph=b(s"p) =

2" order ODEs with only one . b(é‘) is solvable = b_l(f) is solvable

Outstanding importance of the effusivity profile

variable coefficient:

Effusivity  b(&):=/A(&)c(&) )

ONERA
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srwmemmme Who is responsible for
materials contrast ?

Heat : ™~

source \\ 1

2

IR sensor
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11 PROFIDT method 7 e T




swewmmwwwel Who is responsible f
Materials contrast ?

1 .
2.

Heat : T~~~

source \\

IR sensor

Only
accomplices !

The effusivity profile

b(¢)

is the brain of the band !
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Liouville transformation (1897). Second ste

(T): 0 —y=0b"(&)
(p): ¢y =¢b"(¢)

In both cases we obtain a Stationary Schrodinger Equation (SSE)

w"=(V+ply

Second step : a change of the dependent-variable:

p -y _ S reduced
potential V(f);— 2"d derivative

b2 (T)— form

The “metaproperty” s is defined by: § ==
property” (&) y {bl/z (o)~ form

13 PROFIDT method



The TRICK: cast the SSE equation into
SSEs

satisfy two homologous
Schrodinger equations
(i.e. with the same potential)

» the thermal field ¥
» the meta-property s
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V(f) — ,B — O ‘ Linear solutions for
V(f) =£>0 ‘ Hyperbolic solutions for L bH*? (5)
V(é) — ,B <0 ‘ Trigonometric solutions ford

Solution for the field

function:
w(&, p)oc C?Shg"p th 5; Generalization of the particular case with constant diffusivity:
sinhly/ p + & Sutradhar A. et al., Comput. Meth. Appl. Mech. Engrg. (2004)
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' “Linear” profiles

“Hyperbolic” profiles

0 0.2

e

Different '

values of b, /b,

Essentially concave or
convex shape

16 PROFIDT method

0.6

o8 1

16
14
1.2t

08F
061

' cf/é

b, /b, =2

and different values
for the “potential”

Normalized effusivity 1’9/!:'0

“Trigonometric” profiles

26k
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Darboux transformation (DT)

« Un curieux théoreme d’analyse » (1882, 1

* l// 5) p)w Given a solvable SSE

L l// n+1 (f)-l- p)l// Construction of another solvable SSE
with a new potential function J/ (5)

L,

% A cascade procedure for finding closed- <« Effusivity profile
form analytical solutions for both : « Temperature/heat-flux distribution

L> joint Property & Field Darboux Transformation (PROFIDT)

s Up to 2 additional parameters per step

L profiles with increasingly complex shape

* When starting with a constant seed-potential

Lb all solutions involve only elementary functions

ONERA
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+» Fundamental solutions < One PROFIDT
(constant potential)

ONERA
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+» Fundamental solutions < One PROFIDT
(constant potential)

ONERA
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2.6

bfb,

1.8

16F - -

‘].4_

.« Two sub-classes of profiles : (T) -form and

0 0.2

5/51_6

0.8 1

o~ { sech(é)
sinh(f)Jr f sech((f

E=E&/E

+7

sech :=1/cosh

Hyperbolic secant

function

* Relatively simple quadrupole (only exp. functions)

* 4 adjustable parameters fc,z' and two multiplicative factors

(9) -form

ﬂ

0 0.2 0.8 1

&

two end-values

+ Absolutely flexible : can accomodate any specification regarding { two end-slopes

20

Elementary bricks to perform

spline interpolation

(like cubic polynomials)

PROFIDT method

: new concept of

solvable splines

ONERA




And now, a « light » example of synthetic profiles with

corresponding temperature responses

Photothermal _ ) _ o A
experiment from Five synthetic profiles of thermal effusivity (8 to 10 sech|& | elements)
here
Jb/\Jb, Jb/\lb, Jb/ b, Jb/\Jb, Jb/ b,
0 0.5 1 1.5 0 0.5 1 1.5 01 1.5 2 8.5 1 1.5 0 0.5 1 1.5
R S —
‘\!\\I'B 0.1 0.1 0.1 0.1 0.1
wr 0.2 0.2 0.2 0.2 0.2
5
,@* 0.3 oo 0.3 0.3 0.3 0.3
rg\ 0.4 0.4 0.4 0.4 0.4
E osf @ 05 05 05 05
E 0.6 0} 0.6 0.6 0.6 0.6
= O
) 0.7 0.7 0.7 0.7
%) 0.8 0.8 0.8 0.8 0.8
§ 0.9 0.9 0.9 0.9 0.9
“ 1 e 19} 1 1 1 1

Phase?

LN

Normalized amplitude
Phase, degrees
5

70 4 2
10° 107 107

0
2
rmalized frequency / S ol

2
¢ 10

107" , 1(I)° 10'
fé:total \ NO
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And now, a « light » example of synthetic profiles wit ‘\

corresponding temperature responsgs

Photothermal ) _
experiment from Synthetic profile-

here

total

Normalized (transformed) depth & /&

«mperature)

r’hase?

LN

Normalized amplitude
Phase, degrees
5

2 -70 4 2
10 10° 10°

0
2
rmalized frequency / S ol

0 2
10
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The hidden motivation...

Vb/Ab By superimposing all these

theti files...
05 1. s synthetic profiles

0.1}
0.2}
0.3}
0.4}
0.5}

E-' Jr‘E-*lmal

0.6}
0.7}
0.8}

097
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The hidden motivation...

Vb/Ab By superimposing all these
synthetic profiles...

0.5 1 1.5

01}
02!
03} o5
04}
o5t @

E-' Jr‘E-*lmal

0.6} D)
0.7¢
08¢ |

097
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The hidden motivation...

Vb/Ab By superimposing all these
” synthetic profiles...

E-' Jr‘E-*lmal

/ - ONERA
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The hidden motivation...

Vb/Ab By superimposing all these
” synthetic profiles...

E-' Jr‘E-*lmal

\ W\ : ONERA
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Vb/Ab By superimposing all these
synthetic profiles...

we come to a representation that :

* illustrates the versatility of the
sech(cf) profiles

é fE*lntal

ONERA
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Examples of synthetic graded profiles

Vb/Ab By superimposing all these
synthetic profiles...

0.5 1 1.5

we come to a representation that :

illustrates the versatility of the
sech(cf) profiles

will allow you to easily memorize
the name of these [seksi heaet]
profiles

é fE*lntal

ONERA
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Sharp interface vs. diffuse interface

[ _

Amplitude cqntrast

progressively
smoother interface

Amplitude

Contrast (%)

28 -

26F : b =
o4l ; , Y A S o T S
5

b/b, o

180

1.6

148

12 -

o®

Contrast (°)
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Modeling of the dispersion of pollutants in t

atmosphere

005 -2 k0%

ax_é E

Essential parameter : the « effective inertia » of

the atmosphere (with respect to contamination): variable:

b= JUK.()

"Vertical" profiles of "inertia"
Monin-Obukhov similarity theory

Height (Businger relations)
A Eddy
diffusivity K,
\ E
Wind
speed U,

30 PROFIDT method

150

1001

50f

New independent 95 x(Z)dZ
K.(z)
e nstable
s Stable
— [\ oLfral
2 4 6 10 12
Vb
TRYE



x-z distribution of pollutant concenti;;_ t

the atmosphere stability

z(m) Unstable (midday conditions)

200

180
160
140
120

100

Wind direction

o0 )

40
20.
( \
] 200 400 BOO 200 1000 1200 1400 1600
X(m)
Source

height: 20 m
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1800 2000 20‘

Neutral (log profile for wind velocity U)

200
180
160
140
120

100

a0

60

40

\

i 200 400

600 00 1000 1200 1400 1600 1800 2000

190 Stable (night conditions)

0 200 400 G600

800 1000 1200 1400 1600 1800 2000

x(m) ONERA



Rugate profile obtained by stitching 60 SeCh(eé )-
type profiles of <E>-form (30 periods of 266nm
optical thickness)

+ sinus-square apodisation

+ matching layer with 600nm optical thickness
from n, =2 downto 7, =1.52 (substrate)

2.3

2.2

2.1

2

1.9

1.8

1.7

16

15
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Transmittance spectrum of the notch filter

Nb. of periods and
total thickness

Transmittance

e 30 (4.3um)
| e 50 (7.0um)
| o 70 (9.7um)

300 400 500 600 700 800
A(nm)

Only one transfer matrix per alternance (no
need for finer discretisation)

Other applications : chirped mirrors (fs
lasers) Bragg filters, photonic crystals,
matching layers, etc...

ONERA



Thermal depth-profiling

Examples of « materials » with graded properties

Soil SEM of Thermal Barrier Case-hardened steel
Coating

different nature and scales !

33 Benchmarking \ 7 7 . T



Thermal depth-profiling. Typical procedure

1- heat the surface (pulse or modulated)

SEM of Thermal Barrier Case-hardened steel
Coating

34 Benchmarking | = 4 . T



Thermal depth-profiling. Typical procedure

SEM of Thermal Barrier Case-hardened steel
Coating

35 Benchmarking




Thermal depth-profiling. Typical procedure

3- (stop heating and) process the data for inversion

SEM of Thermal Barrier
Coating

Case-hardened steel

36 Benchmarking




Thermal depth-profiling. Typical procedure

4- identify the profile of the thermal property (...which one ?)

V
IIIIII

-+

1

|-

\

\\%
SEM of Thermal Barrier z

Coating Case-hardened steel

AN
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1- Minimize the mismatch between the experimental data and the theoretical data as

given by a model with continuous parameters

Cost function: )
difference in temperature: F = (Tth(tl.)—T (tl.))

difference in apparent effusivity: F = —
S\ =T, () =T, (z)

i~ exp

2- Add as many sech(f)-type profiles as necessary to reduce residues to an acceptable level

(i.e. stop as soon as all non-stochastic features have disappeared)

= parsimonious regularization

N ONERA
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Inversion. Synthetic data

ref

Theoretical effusivity profile b(z) : from a conductivity profile
build with two quadratic polynomials (pC assumed constant)

: N . .
: : 075}
0est -\ S BT (R

0.85

08F -

' Theoretical effusfivity_

Relative effusivity b/b

- profile (&) -
: | | N S S I R
ool : : 1 0 0.1 02 03 04 05 06 07
: : SRDT (')

S

Profile b(¢) discretized into 507 slices (Ab/b<0.001)

Relative effusivity b/b

o o5 i 8 Temperature computation
Depth z (mm) . .
» , C with classical quadrupoles
No “inversion crime |
[ |
Apparent effusivity () (0-order inversion) . Temperature amplitude " Phase
1 10 R R T
iﬁ el N
®
Z 03f =
&é 0.851 g
o =¥
& ‘ :
% 075}
E
0.7 . —47 .
107 107 10° 10° 10" 107 107 10° 10° 10"

Frequency (Hz)
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Frequency (Hz)

ONERA




Inversion attempt with a priori hypothesis on the unknown profile : one sech(&) layer + uniform bulk

1.05 1 inversion |~ : : 1.05 1 inversion |
| result f f | result

ossf : NSO N R
09 \ ..........
true | ‘

rel

ref

0.95

0.9

true | .

Relative effusivity b /b
Relative eftusivity b/b

085 : 085
profile profile
08p — 038 _ —
075 ................................................... 075 IIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIII
07 : ; . i 0.7 - i i i i i i L ;
o 0.1 02 0.3 04 05 06 0 005 01 015 02 025 03 035 04 045 05
172
SRDT (s Reduced depth 2 /b (s')
><1CP’i

Temperature ...l [\ [\
residues

4= Amplitude
! Phase -

002k

-0.04

Residues in amplitude (-)
Residues in phase (°)

-0.08 |

-0.1

107 107 10° 10° 10°

Frequency (Hz)

Frequency (Hz)
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Residues in amplitude (—)

Inversion attempt with a priori hypothesis on the unknown profile : two sech(é) layers + uniform bulk

1.05 + inversion - : ! 105 4 inversion |
result : : : | result
Ll IEEERE ~ ; [} SEEREE
el B : : ; : f f
L0t : Soespoo R (R et S
é 0.85 ....... true ‘ % 085k i S true ]
LT} 8 . . . . . . .
E profile 2 S profile |
% 08} ,% 08F - e ' -------- - --------- : : e
x =4
075N\ - A ) N Y A R A A EEEEE FEEREE R RN
07 : . : : 0.7 H H i i i i i i i
"o 0.1 0.2 0.3 0.4 0.5 0.6 0 0.05 041 015 02 025 03 035 04 045 05
SRDT & (S”Z) Reduced depthzc/b]_ef (5”2)
. with one with two
x 10 . .
15 ; with one with two 0.08 @ sech(&) : sech(é)
Temperature oosk ]
residues g o
o
a0
. £
. « Amplitude g -002f
| Phase ) i
-0.06
~o08}
_25 i - -0.1
107" 107 10° 10° 10*

Frequency (Hz) Frequency (Hz)
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Residues in amplitude (—)

Inversion attempt with a priori hypothesis on the unknown profile : one sech(&) layer + uniform bulk
Statistics with 20 virtual experiments

1.05 . . T T T 1.05 . .
Inversion : ‘ : inversion
'l T result : : 1k result

rel

(mean+/- ) (mean+/- )

ref

“'::iiiii' ....... o, N
(é:) i true | | ‘

0.95F

09t

Relative effusivity b/ b
Relative effusivity b/ b

085} - 085 - i r..... true IR
proflle Y/ A proflle
08 08F -t -
075ENC ] 075 Nt i
07 : ; ; : 0.7 H H i i i i i i i
"o 0.1 0.2 0.3 0.4 0.5 0.6 0 005 01 015 02 025 03 035 04 045 05
SRDT (sm) Reduced depth z C/bmf (5”2)
0.03 0.4

Al m" 'I, TR

y Ny « Amplitude
_0.01 ! L I|, "I \r‘l ,'|'|”Y 'rr ‘ _'N“ "' Phase »

" (l Temperature
| UM residues

Residues in phase (°)

—o02f- 1

-0.03 ;_‘4 ; .G ; ~0.4 .44 .4 .0 i - \
10 10 10 10 10 10 10 10 10
Frequency (Hz)
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Inversion. Input data with noise (1% on amplitue

Inversion attempt with a priori hypothesis on the unknown profile : two sech(é) layers + uniform bulk
Statistics with 20 virtual experiments

1.05 ) ) : . . 1.05 ] ;
inversion : ‘ : inversion

O SR result 3 = Y S result
(mean+/-c) (mean+/-c)

005}

(9

0.95

&
©

0.85F 0.85

true | | ‘ | tue |
§ profile §

o
)

e
o™
H

Relative effusivity 1')/bmf
Relative effusivity b/ b
ref

«
~l
o
«
~
o

e
~

077 o1 02 03 0a 05 06 0 005 01 015 02 025 03 035 04 045 05

12
SRDT & ' Reduced depthz /b (s)

Temperature
residues

cod A il Amplitude
;Hll‘il{ jl" il ! .‘_.‘ il ‘. Phase »

Residues in amplitude (-)
o
Residues in phase (%)

Frequency (Hz) Frequency (Hz)
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Everything you always wanted to know about
profiles (but were afraid to ask),

1S IN:
Krapez, Int. J. Heat Mass Tr., 99, 485 (2016)
Krapez, J. Mod. Opt., 64, 1988-2016 (2017)

Krapez, Int. J. Thermoph., 39:86 (2018)
Krapez, J. Opt. Soc. Am., 35, 1039 (2018)
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